We study lasing in distributed feedback lasers made from square lattices of silver particles in a dye-doped waveguide. We present a systematic analysis and experimental study of the band structure underlying the lasing process as a function of the detuning between the particle plasmon resonance and the lattice Bragg diffraction condition. To this end, as gain medium we use either a polymer doped with Rh6G only, or polymer doped with a pair of dyes (Rh6G and Rh700) that act as Förster energy transfer (FRET)-pair. This allows for gain respectively at 590 nm or 700 nm when pumped at 532 nm, compatible with the achievable size-tunability of silver particles embedded in the polymer. By polarization-resolved spectroscopic Fourier microscopy, we are able to observe the plasmonic/photonic band structure of the array, unravelling both the stop gap width, as well as the loss properties of the four involved bands at fixed lattice Bragg diffraction condition and as function of detuning of the plasmon resonance. To explain the measurements we derive an analytical model that sheds insights on the lasing process in plasmonic lattices, highlighting the interaction between two competing resonant processes, one localized at the particle level around the plasmon resonance, and one distributed across the lattice. Both are shown to contribute to the lasing threshold and the overall emission properties of the array.
I. INTRODUCTION

10
Organic distributed feedback lasers have been widely studied since the mid-nineties for their 11 ability to provide large area lasing upon optical or electrical pumping, while being very simple 12 to fabricate 1 . Such lasers generally consist of an organic gain medium that is deposited as a 13 thin layer over a periodically corrugated dielectric surface, with a periodicity chosen such that it 14 offers an in-plane Bragg diffraction condition within the gain window 2, 3 . A wide range of emis-15 sion wavelengths can be selected through the availability of a vast variety of organic fluorophores 16 and fluorescent polymers, while the typically small corrugations over the surface can be realized 17 through optical lithography, or soft imprint lithography 4,5 .
18
More recently a different class of lasers was proposed that rely on plasmonic effects. Plasmon-
19
ics uses the fact that free electrons in metals offer a collective resonance at optical frequencies 6 .
20
This causes metal nanoparticles or nanostructured surfaces to provide highly enhanced and 21 strongly localized electromagnetic fields upon irradiation, boosting the spontaneous emission rate
22
of coupled fluorescent emitters [7] [8] [9] . When such plasmonic particles are placed in two-dimensional 23 diffractive periodic arrays, they can also provide control over emission directivity and brightness, 
34
In earlier work 20 , some of us presented the first experimental observation of the plasmonic band 35 structure underlying lasing action of a plasmon particle lattice coupled to a dielectric waveguide 36 that also provides gain. In this system Bragg resonance was established using diffraction by metal 37 particles which are relatively strong scatterers compare to all-dielectric gratings. However, in that 38 study the plasmonic particles were off resonance within the gain window and the lasing frequency weak overlap. To understand the physics of the particles' interaction with the modes, we have con-71 ducted FDTD simulations (Lumerical, using tabulated optical constants 23 ) to determine extintion 72 cross sections of single particles in the stratified system (incidence from the glass side). As the 73 particle diameter, D=2r, increases, the extinction crosssection ( Fig. 1(b) ) strongly increases, and 74 furthermore exhibits the well-known shift to longer wavelengths due to dynamic depolarization 75 effects [24] [25] [26] . For D > 60 nm, the dipolar resonance has a distinct Lorentzian shape, and is well 76 separated from the features at wavelengths λ < 500 nm, that are due to intraband features in the 77 dielectric constant.
78
Our goal is to calculate the passive array dispersion of the composite system including loss, as 
143
The dipolar response of a scatterer is described by its polarizability response α(ω), which for a 144 resonant scatterer in the quasistatic limit reads
(in CGS units, with ω angular frequency, ω 0 the particle resonance, γ an Ohmic damping rate, and
146
V an (effective) particle volume), in the limit in which the response is locally approximated by 147 a single resonance 43 . One must include radiation damping 30, 32 to turn this polarizability into its 148 dynamic form, which is required to build a self-consistent electrodynamic theory with a correct 149 energy balance. For a particle in free-space, the dynamic polarizability reads
(with k = nω/c). However, our case is somewhat different, since the particles are located inside 151 a dielectric layered system which affects both the radiation damping correction, as well as red
152
shifts the resonance frequency. In the following, we use the model given in Eq.
(1) and Eq.
153
(2), and fit the plasmonic resonance model to our full wave simulations of a single inclusion in 154 the dielectric stratified system (discussed further below). This fit yields a resonance frequency flat in the z-direction (30 nm height, versus 100 nm diameter typically), we constrain the particle 164 polarizability to the xy-plane, meaning that dipole moments can only be excited in plane.
165
The array is periodic by translation over d in both the x and y directions, and thereby we can assume that the induced dipole moments assume a Bloch form p mn = p 00 e id(nkx+mky) , where m, n are the particle indices and (k x , k y ) is the wavevector of the excited collective plasmonic mode parallel to the layers. For a lattice driven by an incident field of the form E in e id(nkx+mky) , the induced dipole moments are given by
G(r 00 , r mn )e id(nkx+mky) .
Here the term C accounts for all dipole-dipole interactions and is also known as lattice sum 31-33,37-42 .
166
The dyadic Green function G accounts for the full physics of the stratified system, meaning that 167 it includes the TE and TM guided mode that the assumed slab supports, plus the continuous 168 spectrum that accounts for radiation into the substrate and superstrate. 
172
Given the symmetry, without loss of generality we can analyze the k x = 0 slice of the dispersion 173 relation (propagation direction isŷ), in which case the dipole polarization is alongx. Hence, the 174 modal matrix problem reduces to the simplified scalar equation
In Eq. (3b), the symbol denotes summation over all indices except (m, n) = (0, 0), and G xx is Green's function tensor in the 3-layer dielectric medium host.
179
Taking the full spectral content of the Green's function into account in the infinite summation in 
where cusing on x-polarized excitation, the dipolar moment p 00 due to an impinging x-polarized plane 205 wave with amplitude E 0 at ω with (0, k y ) is given by p 00 = E 0 /∆(ω, 0, k y ). By reciprocity, the 206 radiated field due to a dipole strength p 00 at ω and (real) (0, k y ) can be calculated from the reverse 207 problem, i.e., from the induced dipole strength p 00 induced by an incident plane wave of given 208 strength E 0 , incident at ω with (0, k y ). Therefore, the quantity 1/∆(ω, 0, k y ), essentially indicates 209 the coupling between x-polarized induced dipoles and x-polarized far-field radiation with k || = k y .
210
In the following section, based on this analytical model, we explore how the interplay of these two 211 resonances controls the lasing mechanism in the lattice. to the free photon dispersion, for the on-resonance case, the dispersion is qualitatively different.
225
In Figure 2 (e-g) we zoom in at the frequency of the TE Bragg condition and plot the coupling diameter is changed to control detuning, this changes the scattering strength at the lasing condition 281 both because there is simply more polarizable matter per particle and because the resonance shifts.
We collect fluorescence emission that is resolved in frequency and parallel wave-vector using where Γ represents the Gamma-function. We obtain a reasonable fit to the data for a critical the concentration dependence of spectra is consistent with FRET.
295
As independent check, we also measured fluorescence decay traces of the donor emission. If 296 energy transfer is due to FRET, decays should be given by
where τ D is the donor decay time. Figure 3(d) shows measured decay traces at various concentra-tions alongside the prediction Eq. 6 convoluted with the instrument response function of our setup.
299
We note that for this comparison we only adjust the overall scaling I 0 , but adjust neither τ D = 3.4 300 ns which is taken from a donor-only measurement, nor γ, which is taken from the spectral data.
301
We note excellent correspondence, especially given that no parameter except overall scaling was 302 adjusted. We identify the one-to-one 5 mM sample as most suited for our gain measurements as it 303 provides strong Rh700 emission by FRET from Rh6G pumped by our 532 nm pump laser. From 304 here onwards, in this paper we focus on samples with this gain medium, referring to them simply 305 as "Rh700 samples".
306
It should be noted that in this paper we will not deeply discuss any above-threshold data, instead 307 focusing on answering which mode reaches threshold (first) depending on the detuning between 308 plasmon and Bragg condition. In order to show that lasing does occur (for all the samples we report 309 on), Fig. 3 shows an exemplary result for a sample with particle size 2r = 74 nm in diameter
310
and pitch of 460 nm, lasing at 710 nm, using the Rh6G:Rh700 dye mixture as gain medium.
311
The spectra are obtained using the inverted fluorescence microscope in Fourier imaging mode 312 ( Fig. 3(d) ). At pump powers below about 12 nJ, the spectrum (panel (e), obtained by integrating frequency ω (here chosen at 2nd order Bragg diffraction), the slab waveguide mode appear as a circle of radius n W G ω/c centered at the origin (black), and due to diffraction by the lattice repeated every reciprocal lattice vector 2π/d(m, n) (color coded). For the TE waveguide mode, the electric field polarization is inplane, normal to the momentum. The slit (rectangle) maps a slice of momentum space. In (g) and (h) the color bar maximum is at 5500 resp 2400 counts per µJ of pump power.
This stop gap corresponds to the narrow gap visible also in Fig. 3 pling efficiency of the excited lattice will depend on frequency and angle (see maps of 1/∆(ω, k y )
332
in Fig. 2(b-d) ). Figure 4 (a-f) shows the progression of the measured band structure as we increase 333 particle size. Clearly, the band structure stays qualitatively identical up to a particle size of 86 nm 334 diameter, however, with a distinct increase in stop gap width. For particles above 95 nm in di-335 ameter, the band structure develops a qualitatively different appearance, both in terms of avoided 336 crossing geometry, and in terms of the widths of the various bands. This is the regime where 337 particles and lasing condition come in resonance, whereas for smaller diameters, the particles are 338 blue-shifted with respected to the Bragg condition that is set by the lattice.
339
The polymer slab supports two modes, the fundamental TE and fundamental TM mode, as 340 reported in Fig. 1(c,d ). According to our modeling both participate in setting the geometry of 341 the anticrossing in Fig. 2 , although outcoupling is predominantly through the TE waveguide. To 342 verify this assertion we collected data on a series of samples using a linear polarizer in front of 343 the spectrometer slit. To understand the measurement, we refer to a sketch of the repeated zone 344 scheme dispersion that is projected on the spectrometer entrance plane (Fig. 4i) . Fluorescence 
377
To bring out the dependence of stop gap width on scattering strength more clearly, we construct obtained by fitting a Lorentzian to the simulated particle response (specifically, σ scat λ 4 ∝ |α| 2 ).
384
The data in Fig. 4 taken with Rh700 as gain medium, appear at negative detuning, while data taken 385 with Rh6G correspond to positive detuning. We remind the reader that for the Rh700 data we kept 386 lasing frequency ω lasing fixed (fixed pitch), while particle size tuned the plasmon resonance ω lasing 387 onto the lasing condition. For positive detuning, data was taken with a fixed particle size of 110 nm, varying pitch from 360 to 400 nm.
389
The resulting stop gap width clearly drops when detuning in either direction away from zero detuning, however, in an asymmetric fashion. Stop gap widths are about three times higher for detuning to the blue of the resonance, then for equal detuning to the red of the resonance. Such an asymmetry could be expected, in the sense that even if one starts with a Lorentzian polarizability α(ω) as in Eq. 1, the scattering response of a plasmon particle is asymmetric in frequency as a consequence of radiation damping (Eq. (2)). This is highlighted by plotting (cf. shows a similar asymmetry as the data. For reference, in blue the cross section from full-wave 393 simulations for each particle size (Fig. 1b) , taken at the stop gap center frequency, is reproduced.
394
It should be noted that Fig. 5 reports no stop gap width for any sample at zero detuning, although 395 near-zero detuning is achieved for 2r > 100 nm. As discussed below, for these large scatter-396 ing strengths, the band structure we measure can not be trivially traced to the original four-band 397 crossing in a coupled-mode/slightly perturbed free-photon picture, hampering a stop gap width 398 assignment.
399
VIII. BAND STRUCTURE TOPOLOGY VERSUS DETUNING
400
We now turn to discussing more detailed features of the measured dispersion relations beyond to a case where the lasing condition is aligned to the plasmon resonance (Rh700 sample, particle 407 diameter 129 nm). These three detuning cases correspond to the separation into blue detuning, zero detuning, and red detuning case that we also presented for our theory results in Fig. 2 . share a common gap is consistent with the scalar coupled mode theory for dielectric DFB lasers
416
(adapted to metal hole array plasmon lasers by van Exter et al. 49 ( Fig. 4b) ) in the limit that sign of detuning also implies a swap in the band edge that lases.
442
Since dipole models are not suited to obtain near fields, we consider a COMSOL 3D finite implemented Bloch-Floquet boundary conditions to obtain the diffractive properties upon plane 452 wave driving incident from the glass side. We studied two pitches, i.e. 500 nm and 370 nm, to 
463
Note that for the large-pitch case d = 500 nm, the broad minimum occurs at a frequency below the 464 narrow feature, while for the small-pitch case, the ordering is reversed. We examine the scattered 465 fields (i.e., full field, minus the field that we calculate in absence of the particle) upon plane wave 466 driving at the center frequencies of the broad and narrow minima. Figure 7c shows the scattered
467
field component E x that is along the incident polarization for both pitches, and for each pitch at the for the large resp small pitch case), the scattered field has a nodal plane at the particle, and resides 471 mainly away from it. Conversely, at the broad minimum in transmission, the associated field 472 plot shows strong excitation of the particle. The COMSOL simulation hence corroborates the 473 interpretation that lasing selects the stop gap edge that corresponds to the Bloch mode that forms 474 a standing wave with energy density predominantly away from the particle, as this is the lowest-475 loss mode that still couples out. As one goes through resonance, the stop gap edge to which this 476 standing wave corresponds is reversed, as the real part of the polarizability flips sign.
477
X. CONCLUSIONS AND OUTLOOK
478
In summary, we have shown how the optical response of plasmonic scatterers affects the band 479 diagram of a plasmon particle array embedded in a dye doped waveguide layer. By combining 480 data for lasers with various particle sizes, pitches, and two gain media near 590 nm and FRET-481 based gain at 700 nm, we were able to systematically map the behavior of plasmon lattice lasers as 482 function of the detuning between particle resonance and lasing condition as set by the lattice peri-483 odicity. A main conclusion is that the stop gap width in the band structure of the plasmon lattice 484 lasers is much larger than in dielectric distributed feedback lasers, and is essentially proportional However, once we use this representation and derive an alternative, rapidly converging representa-545 tion for the summation, we may apply Cauchy theorem and calculate the required integrals along 546 a more convenient path.
547
The semi-infinite integration path above is decomposed into two intervals, 0 → E, and E → 
